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Abstract
The presence of asymmetry between fermions of opposite handedness in plasmas of relativistic particles can lead to
exponential growth of a helical magnetic ﬁeld via a small-scale chiral dynamo instability known as the chiral
magnetic effect. Here, we show, using dimensional arguments and numerical simulations, that this process
produces through the Lorentz force chiral magnetically driven turbulence. A -k 2 magnetic energy spectrum
emerges via inverse transfer over a certain range of wavenumbers k. The total chirality (magnetic helicity plus
normalized chiral chemical potential) is conserved in this system. Therefore, as the helical magnetic ﬁeld grows,
most of the total chirality gets transferred into magnetic helicity until the chiral magnetic effect terminates.
Quantitative results for height, slope, and extent of the spectrum are obtained. Consequences of this effect for
cosmic magnetic ﬁelds are discussed.
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1. Introduction
Asymmetry between the number densities of left- and right-
handed fermions gives rise to what is known as the chiral
magnetic effect (CME)—an electric current ﬂowing along the
magnetic ﬁeld. This quantum effect was ﬁrst found by Vilenkin
(1980) and then rederived using different arguments (Redlich
& Wijewardhana 1985; Alekseev et al. 1998; Fröhlich &
Pedrini 2000; Fukushima et al. 2008). Joyce & Shaposhnikov
(1997) and Fröhlich & Pedrini (2000) showed that this
phenomenon destabilizes a weak magnetic ﬁeld and leads to
its exponential growth. The CME has applications in many
ﬁelds of physics ranging from the early universe to neutron
stars and condensed matter systems (for reviews, see, e.g.,
Kharzeev 2014; Miransky & Shovkovy 2015).
The total chirality in the system, i.e., the sum of magnetic
helicity and fermion chiral asymmetry, is conserved. As
the ﬁeld becomes fully helical, the chiral asymmetry will
eventually disappear, so the total growth of magnetic ﬁelds is
limited (Joyce & Shaposhnikov 1997; Fröhlich & Pedrini 2000;
Tashiro et al. 2012; Giovannini 2013; Boyarsky et al. 2015;
Hirono et al. 2015; Pavlović et al. 2017).
There is now signiﬁcant interest in the possibility of
generating a turbulent inverse cascade by the CME (Boyarsky
et al. 2012, 2015; Hirono et al. 2015; Dvornikov &
Semikoz 2017; Pavlović et al. 2017). Meanwhile, there has
been considerable progress in our understanding of magneti-
cally dominated helical turbulence (Biskamp & Müller 1999;
Kahniashvili et al. 2013). In particular, the magnetic ﬁeld B
decays with time t such that á ñ µ -B t2 2 3 while the correlation
length grows like x µ tM 2 3, with xá ñ =B const2 M . In this
Letter, we assess the importance of the CME in establishing
initial conditions for the turbulent decay. This provides a
critical starting point because we predict the value of xá ñB2 M
based on the initial asymmetry.
It is worth noting that observational limits on the product
xá ñB2 M have been derived from the non-observations of GeV-
energy halos around TeV blazars (Aharonian et al. 2006). This
has been interpreted in terms of magnetic ﬁelds permeating the
intergalactic medium over large scales (for a review, see Durrer
& Neronov 2013). Simultaneous GeV–TeV observations of
blazars put lower limits on such ﬁelds between -10 G15 (Taylor
et al. 2011) and -10 G18 (Dermer et al. 2011) at x ~ 1 MpcM .
Systematic parity-odd correlations between the directions of
secondary photons and their energies from the surroundings of
blazars have been interpreted in terms of helical magnetic ﬁelds
of the order of -10 G14 (Tashiro et al. 2014; Tashiro &
Vachaspati 2015). If this can be independently conﬁrmed, it
would be a real detection.
The present-day value of xá ñB2 M and, more generally, the
modulus of the magnetic helicity can be constrained on
dimensional grounds under the assumption that it is determined
only by the present-day temperature T0 plus fundamental
constants: the Boltzmann constant kB, the reduced Planck
constant ÿ, and the speed of light c. As the dimension of á ñB2 is
p=-erg cm G 43 2 , we ﬁnd
 xá ñ = -( ) ( ) ( )B k T c , 12 M B 0 3 2
where ò is a dimensionless number (we determine a more
precise value in Section 4). Assuming for now  = 1 and using
=T 2.75 K0 , Equation (1) yields the numerical value ~ ´5
= ´- - -10 erg cm 2 10 G Mpc,14 2 37 2 corresponding to ´0.5
-10 G18 at 1 Mpc, and thus to the estimate of Dermer et al.
(2011). Conversely, if this argument turned out to fail, it might
suggest that other dimensionful quantities such as Newtonʼs
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constant might enter. This argument is very rough, and so
quantitative models are needed to determine ò.
The purpose of this Letter is to examine the onset of
turbulence by the chiral small-scale dynamo to compute the
spectrum, scale separation, and the saturation level of the
resulting magnetic ﬁeld. We use three-dimensional simulations
to verify scaling relations. We conclude with a discussion of
the parameters relevant to the early universe and, in particular,
the strength of the observable magnetic ﬁeld.
2. Growth and Saturation
The CME can lead to exponential growth owing to a term in
the induction equation that is formally similar to the α effect
in mean-ﬁeld dynamo theory (Moffatt 1978; Krause &
Rädler 1980). The important difference is of course that in
chiral magnetohydrodynamics we are concerned with the actual
magnetic ﬁeld rather than its macroscopic average. However,
much of the intuition from mean-ﬁeld electrodynamics carries
over to chiral magnetohydrodynamics. The mathematical
formalism and the underlying fully nonlinear spatially
dependent evolution equations were derived by Boyarsky
et al. (2015) and analyzed by Rogachevskii et al. (2017).
Since B is solenoidal, we express it as = ´B A. We
deﬁne m a= -( )( )n n c k T24 em L R B 2 as the normalized
chemical potential, where a » 1 137em is the ﬁne structure
constant, and nL and nR are the number densities of left- and
right-handed fermions, respectively. The governing equations
for A and μ are
h m ¶¶ = - ´ + ´( ) ( )
A
B B U B
t
, 2
m l h m m m= - - ´ +  - G( ) · ( )B B BD
Dt
D , 32 f
where º ¶ ¶ + ·UD Dt t is the advective derivative, η is
the magnetic diffusivity (not to be confused with the conformal
time11), l aº ( )c k T3 8 em B 2 characterizes the feedback of
the electromagnetic ﬁeld on the evolution of μ, D is a chiral
diffusion coefﬁcient, Gf is the ﬂipping rate, andU is the plasma
velocity, which obeys the usual momentum equation and the
continuity equation for the density ρ,
Sr rn  = ´ ´ - +( ) · ( ) ( )U B BD
Dt
p 2 , 4
r r= - · ( )UD
Dt
, 5
where S d = + -( ) · UU U½ij i j j i ij, , 13 is the rate-of-strain
tensor, ν is the viscosity, and p is the pressure, which is
assumed to be proportional to the density, i.e., r=p cs2, with cs
being the speed of sound; for a gas of ultra-relativistic
particles, =c c 3s2 2 .
The magnetic ﬁeld is normalized such that the magnetic
energy density is B 22 without the p4 factor. The usual
magnetic ﬁeld in Gauss is therefore p B4 . Furthermore, if
m l= = 0, we recover the usual hydromagnetic equations.
The physical values of λ and η, as well as the initial values
of μ, will be discussed in Section 4 in the context of the early
universe. In the following, however, we consider a broad
parameter space and are particularly interested in the case
where the magnetic ﬁeld can grow out of a weak seed due to
the CME.
An important consequence of Equations (2) and (3) is the
conservation of (volume-averaged) total chirality:
l m m hmá ñ + á ñ = º G · ( ) ( )A B½ const for , 60 f 02
where m0 denotes the initial total chirality and the brackets
denote averaging over a closed or periodic volume.12
Equation (6) imposes an important constraint on the coevolu-
tion of μ and B, and implies
x m lá ñ ( )B , 72 M 0
where xM is the correlation length discussed in Section 1.
The initial growth can be described by the linearized
equations. Assuming gµ +( ) ( · )B x k xt t, exp i , where γ is
the dynamo growth rate and k is the wavevector, the dispersion
relation becomes g h m= -( ) ( )k k k , where = ∣ ∣kk is the
wavenumber. This dispersion relation predicts magnetic ﬁeld
growth for m<k . The linear approximation is applicable as
long as the ﬁeld is weak and nonlinear effects are small. In a
domain of size L, which could represent the horizon scale in the
early universe or the length of a periodic computational
domain, there will be a minimum wavenumber p=k L21 . A
weak seed magnetic ﬁeld is only unstable if m<k1 . In addition,
there is a wavenumber kmax at which the growth rate is
maximum, i.e., g =d dk 0. It is given by m=k 2max .
Eventually, following the early exponential growth, the
magnetic ﬁeld reaches a critical value and a more complicated
nonlinear stage commences.
The CME introduces two new quantities into the system: λ
and μ. Different evolutionary scenarios can be envisaged
depending on their values. For the purpose of this discussion,
we ignore the fact that μ is changing as B evolves; all
normalizations below are actually based on m0. Using the fact
that l-1 has the dimension of energy per unit length and μ
has the dimension of inverse length, we can identify two
characteristic velocities:
m rl mh= =l m( ) ( )v v, , 81 2
where r is the mean density of the plasma. Assuming that both
velocities are well below the speed of sound, cs, we can identify
two regimes of interest:
h> > >l m ( ) ( )c v v k regime I , 9s 1
h> > >m l ( ) ( )c v v k regime II . 10s 1
In regime I, the ratio h rl=l m -[ ( ) ]v v 1 2 1 is large, so the λ
term is unimportant and μ will only change slowly as the
magnetic ﬁeld grows. Once the magnetic ﬁeld exceeds a critical
value of around rmh, i.e., when the magnetic Reynolds
number exceeds a certain value, the magnetic ﬁeld becomes
turbulent. However, the ﬁeld continues to grow until the Alfvén
speed r=v BA approaches lv . At that point, μ begins to be
depleted, as is clear from Equation (6). This quenches further
growth, and magnetic energy can then only decay. In regime II,11 Our evolution equations are also valid in an expanding universe when
interpreting t as conformal time and using comoving quantities; see
Brandenburg et al. (1996), whose equations contain extra terms and 4/3
factors that affect ρ and u only slightly and do not affect our results.
12 At high temperatures we neglect the inﬂuence of the fermions’ mass that
would gradually destroy the total chirality (6).
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the ratio l mv v is small, so the λ term is important and μ will be
depleted before a turbulent cascade develops. As in regime I,
the magnetic energy must eventually decay. In both cases,
however, since the magnetic ﬁeld is maximally helical, the
decay will be slower than for a nonhelical ﬁeld and will be
accompanied by a strong, self-similar inverse transfer (Christensson
et al. 2001; Brandenburg & Kahniashvili 2017).
In the following, we will see that a more accurate distinction
between regimes I and II occurs when »l mv v 8 instead of
unity. For this purpose, let us discuss the resulting magnetic
spectrum in more detail. The spectrum is deﬁned such that
ò = á ñ( ) BE k t dk, 2M 2 . Thus, ( )E k t,M has the dimension
of rmh2, so it will be convenient to normalize ( )E k t,M
correspondingly. In magnetically dominated turbulence, where
the velocity is just a consequence of driving by the Lorentz
force, we expect weak turbulence scaling (Galtier et al. 2000)
with a spectrum proportional to -k 2. This was originally
thought to be applicable to the case with an external magnetic
ﬁeld, but this spectrum was found also for the isotropic case of
magnetically dominated turbulence (Brandenburg et al. 2015).
On dimensional grounds, we can expect a spectrum with an
inertial range of the form
rm h= m -( ) ( )E k t C k, , 11M 3 2 2
where Cμ is a chiral magnetic Kolmogorov-type constant. Note
that λ does not enter in Equation (11). This cannot be justiﬁed
by dimensional arguments alone and requires veriﬁcation from
simulations that will be presented below. It should be noted,
however, that λ characterizes the ultimate depletion of μ after
turbulence develops and the magnetic ﬁeld saturates.
The depletion of μ, and therefore of the CME, becomes
stronger with increasing values of λ, thus limiting the magnetic
ﬁeld to progressively smaller values as λ is increased. Using
Equation (7), we ﬁnd that
 m ll( ) ( )E k t C, , 12M
where Cλ is another Kolmogorov-type constant describing the
saturation caused by λ. Note that this limit for ( )E k t,M is
independent of k and applicable to all  lk k , where kλ is a
critical value that will be estimated below.
Equation (12) suggests that in regime I, we have an inertial
range for m l< l( )E k t C,M with a -k 2 spectrum down to
the smallest excited scale at wavenumber m=k . Using
Equations (11) and (12), we can determine a critical value kλ as
rl mh=l m l ( )k C C . 13
The resulting -k 2 spectrum in m< <lk k is sketched in
Figure 1. It is now clear that the crossover between regimes I
and II occurs when m»lk 2, i.e., when »l m m lv v C C2 . To
determine the constants Cμ and Cλ, we need numerical
simulations, which will be presented in the next section.
3. Simulations
Below, we present results of three-dimensional simulations
in a cubic periodic domain. Detailed analysis of different
simulations with chiral magnetically driven turbulence and
externally forced turbulence are presented in a separate study
(Schober et al. 2017). We use the PENCIL CODE13 with 2883
and 2003 mesh points. We vary the values of μ, η, and λ,
covering both regimes I and II. Numerical stability requires ν
and D to be larger than what is physically realistic, so we take
n h= =D as a compromise. As in earlier work, we assume
G = 0f . The governing parameters are listed in Table 1.
In Figure 2, we show magnetic energy spectra for different
values of l mv v . As explained in Section 2, the depletion of μ is
small if λ is small and thus lv is large, so for l m v v 1, a
turbulent cascade with a power law as in Equation (11) is
possible. This is shown in panel (a), where =l mv v 700, and a
-k 2 spectrum is seen for all m<k . As l mv v is decreased,
depletion of μ is increased; see Figure 2(b). The limiting line
where m l=( )E k t,M is shown as a dashed–dotted line, and
we see that a typical inverse transfer sets in as found previously
for decaying turbulence (Christensson et al. 2001; Banerjee &
Jedamzik 2004; Brandenburg & Kahniashvili 2017).
Next, we discuss the values of Cλ and Cμ. Figures 2(c) and
(d) have already demonstrated that »lC 1 is a good
approximation. The value of Cμ can be seen from the intercept
of the -k 2 power law with the m=k line in Figures 2(a)
and (b). We see that the intercept lies at »mC 16. This
implies that the crossover between regimes I and II is at
» »l m mv v C2 8, which is compatible with Figure 2(c).
For <l mv v 8, the inverse transfer begins once the approxi-
mately monochromatic exponential growth at m=k 2 satu-
rates. Both for large and small values of l mv v , the magnetic ﬁeld
is turbulent, as shown in Figure 3, where we compare
visualizations of Bx and Ux on the periphery of the computational
domain. B attains a large-scale component of Beltrami-type,
which is force-free and of the form ( )k z k zsin , cos , 01 1 with
positive helicity. It is a matter of chance in which direction the
ﬁeld varies. Examples of ﬁelds varying in any of the other
two directions have been found for helically forced turbulent
dynamos (Brandenburg 2001).
Initially and at late times, μ is nearly uniform. At
intermediate times, however, the ratio of its rms value to the
average can reach 25% in the case with =l mv v 7. The typical
kinetic energy can reach 12% of the magnetic energy.
The value of Cμ can be determined more accurately by
plotting energy spectra compensated by m hk ;2 3 2 see Figure 4.
We see that »mC 16 is well obeyed for different values of
mv cs and m k ;0 1 see Table 1. Here, we also give the Lundquist
number h= v kLu A 1 and the Reynolds number n=u kRe rms 1
Figure 1. Sketch of the magnetic energy spectrum of chiral magnetically driven
turbulence.
13 https://github.com/pencil-code
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at the end of the run. By integrating Equation (11) over k, we
obtain the estimate
m m m= =m
l
m l l
m
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟( ) ( )k
C
k
C C
k
v
v
Lu
2 2
. 14
1
1 2
1 4
1
1 2
This is compatible with the values in Table 1, especially for
Run B, while for other runs they are only lower limits.
The early exponential growth of the magnetic ﬁeld is
superﬁcially reminiscent of a turbulent dynamo. A major
difference is, however, the absence of an initial transient, which
is usually found in dynamo simulations (Brandenburg 2010).
In all cases, we started with a random magnetic ﬁeld with a
Batchelor k4 spectrum (Durrer & Caprini 2003). Looking again at
Figures 2(a)–(d), we see that at later times the ﬁeld depends only
on the initial value of m( )E 2, 0M and is independent of the
spectral energy at any other k, so we have
m m g=( ) ( ) ( ) ( )E t E t2, 2, 0 exp , 15M M max
where g hm= 4max 2 is the value of g ( )k at m=k 2. Atm=k 0, the spectral energy is strictly constant in the kinematic
phase, so all lines cross at that one point, where the spectral
magnetic energy density is equal to the initial value. The
magnetically driven chiral turbulence and resulting large-scale
Figure 2. Evolution of magnetic energy spectra for Runs A–D shown in time intervalsDt with hmD =t 62 until hm =t 802 (marked in blue) followed by longer time
intervals that increase by a factor of two. The vertical dashed line marks the wavenumber m=k 20 where the growth rate is maximum. The horizontal dotted line
marks the level of rm hmC 0 2, and the horizontal dashed–dotted line marks the level of m llC 0 . The red lines have slopes of −2 and +4. Panel (d) corresponds to
regimeII, while panels (a) and (b) correspond to regimeI.
Table 1
Summary of the Parameters for the Runs Discussed
Run m0 hk c1 s rlc ks2 12 mv cs lv cs Lu Re
A 40 5×10−5 8×102 0.002 1.4 2000* 450*
B 40 5×10−5 8×104 0.002 0.14 830 250
C 40 5×10−5 8×106 0.002 0.014 170 47
D 40 5×10−5 8×1010 0.002 1.4×10−4 1.5 0.05
E 40 5×10−5 102 0.002 4.0 2000* 450
F 40 5×10−6 102 0.0002 4.0 2500* 500*
G 20 5×10−6 102 0.0001 2.0 800* 200
Note. m0 is in units of k1. Asterisks denote lower limits.
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magnetic ﬁelds are similar to cosmic-ray-driven turbulence
through the Bell instability (Rogachevskii et al. 2012).
4. Application to the Early Universe
Our work has shown that the CME acts as an intermediary to
the previously studied cases of decaying hydromagnetic
turbulence. It yields the initial conditions: the length scale,
x = l-kM 1, and the ﬁeld strength, m l» l∣ ∣ ( )B k ;1 2 see
Equation (7).
We now apply our ﬁndings to the case of the cosmological
magnetic ﬁeld. The equations of Section 2 remain unchanged if
one uses comoving variables (see Rogachevskii et al. 2017).
The initial value of chiral asymmetry depends on micro-
scopic physics. To establish a model-independent upper limit, it
is instructive to write the conservation of total chirality of
Equation (6), using the deﬁnitions of μ and λ of Section 2, in
the form

a- + á ñ =( ) · ( )A Bn n
c
4
const. 16L R
em
Assuming that fermions are in equilibrium with photons, the
maximal value of chiral asymmetry in one fermion species is
attained when » gn nL —the number of photons and »n 0R . In
this case, the maximal value of magnetic helicity today would
be
*
x aá ñ = = ´g
- - ( )B c g
g
n N
N
g
4
5 10
10
G Mpc. 172 M
em
0
0 f
38 f
100
1 2
Here, g0=3.36 and z p= =g -( ) ( )n k T c2 3 411 cmB0 2 0 3 3
is the number of photons today, the factor Nf takes into account
that many relativistic fermions with asymmetric populations are
present in the plasma, and therefore the total fermion chirality
exceeds nγ, *
=g g 100100 is the effective number of degrees of
freedom at temperatures where magnetic ﬁelds are generated
(in the Standard Model
*
=g 106.75 at ~T 100 GeV), and
z »( )3 1.202. If all fermions have comparable asymmetries at
high temperature, the estimate(17) is consistent with the lower
bound from Dermer et al. (2011). Equations (16) and (17) give an
example of ﬁxing the dimensionless factors in Equation (1); the
presence of aem indicates that this is a quantum effect, and the
ratio of relativistic degrees of freedom
*
g g0 appears because nγ
dilutes as T3 while the magnetic helicity decays with scale factor a
as -a 3.
The results of our previous analysis allow us to determine
the initial condition for decaying helical turbulence. To this
end, we evaluate vμ and vλ. The above estimates of the
maximal value of the chiral asymmetry give

m a » ´ -∣ ∣ ( )k T
c
T4 1.5 10 cm , 18em
B 14
100
1
where T100 is the temperature in units of 100 GeV corresponding
to ´1.2 10 K15 . For the magnetic resistivity we use Equation
(1.11) of Arnold et al. (2000):
h = ´ » ´- - - - ( )c
k T
T7.3 10 4 10 cm s . 194
2
B
9
100
1 2 1
Thus, = ´m -v 6 10 cm s5 1, so the number of e-folds is
 mº » ´m - - v H g T5 10 19 1001 2 1001 , where » ´-H 51
- - -g T10 s11 100
1 2
100
2 is the Hubble time.
Figure 3. Bx and Ux on the periphery of the computational domain for (from left to right) =l mv v 700, 70, 7, and 0.07 at the last time.
Figure 4. Compensated spectra for Runs E–G.
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The chirality ﬂipping rate is a complicated function of
temperature below 100 GeV, with electromagnetic and weak
processes as well as decays of residual Higgs bosons contributing
to it; see Appendix D of Boyarsky et al. (2012). However, for a
simple numerical estimate at 100 GeV, we can extrapolate the rate
from the unbroken phase. Using G » -H T800f 1001 (Campbell
et al. 1992; Joyce & Shaposhnikov 1997), we ﬁnd hmG »f 2
 » ´- - ( )T g800 1.6 10 11001 7 1001 2 . Although we underesti-
mate the ﬂipping rate in this way, it remains negligible either way.
Next, we determine r from the Friedmann equation:
* 
r p= » ´ -( )g k T
c
g T
30
7.6 10 g cm ,
2
B
4
3 5
26
100 100
4 3
and we ﬁnd
l a= » ´ - - -⎛⎝⎜
⎞
⎠⎟c k T T3
8
1.3 10 cm erg .em
B
2
17
100
2 1
As a result, » ´l m- v v1.5 10 cm s9 1 and »l v cs
´ -2 10 cm s10 1, so we are in regimeI where turbulence
develops. Finally, we estimate the length of the inertial range of
chiral magnetically driven turbulence from
h rl= »m l ( ) ( )v v g 2400. 201 2 1001 2
Equation (13) with »m lC C 4 gives m »l -k g600 1001 2. So
we expect a -k 2 spectrum covering almost three orders of
magnitude.
5. Conclusions
We have shown that in chiral magnetohydrodynamics,
magnetic ﬁeld evolution proceeds in distinct stages: (i) small-
scale chiral dynamo instability; (ii) ﬁrst nonlinear stage when
the Lorentz force drives small-scale turbulence; (iii) develop-
ment of inverse energy transfer with a -k 2 magnetic energy
spectrum over the range m< <lk k ; and (iv) generation of
large-scale magnetic ﬁeld by chiral magnetically driven
turbulence, decrease of the chemical potential, saturation,
and eventual decay. This process acts as an intermediary to
decaying hydromagnetic turbulence.
The application to the early universe results in a limit on
magnetic helicity, depending on the plasma particle content at
high temperatures. Larger values of xá ñB2 M can only be
envisaged if á ñB2 and xM are constrained separately, e.g., as a
fraction of the radiation energy of the universe and a fraction of
the Hubble horizon (Kahniashvili et al. 2013).
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